TOWERS OF CORINGS 



TOMASZ BRZEZINSKI 

Abstract. The notion of a Frobenius coring is introduced, and it is shown that 
any such coring produces a tower of Frobenius corings and Frobenius extensions. 
This establishes a one-to-one correspondence between Frobenius corings and ex- 
tensions. 



1. Introduction 

The notion of a coring was introduced by Sweedler in [I7[ as a generalisation of coal- 



gebras over commutative rings to the case of non- commutative rings. Thus a coring 
is defined as a bimodule of a non-commutative ring A, with two A-bimodule maps 
that play the role of a coproduct and a counit. While a coalgebra can be understood 
as a dualisation of an algebra, a coring is a dualisation of a ring. Recently a number 
of interesting examples of corings have been constructed, and their properties stud- 
ied from a general point of view in ||. This revived interest in corings and several 
new results have been reported in the field (cf. Q, [[|, f|, [§], fli~8|l 



Corings appear naturally in the context of extensions of rings, and in particular 
in the case of Frobenius extensions. Recall from JL3J and |16| that a ring extension 
A — > B is called a Frobenius extension (of the first kind) if and only if B is a finitely 
generated projective right A-module and B = Hom.A{B,A) as (A, 5)-bimodules. 
One then proves that a ring extension A — ► B is Frobenius if and only if B is an 
A-coring with a coproduct which is a (B, £?)-bimodule map (cf. [|1^, Proposition 4.3], 
§, Remark 2.5]). 

In |15] Morita observed that an extension of rings is a Frobenius extension if and 
only if the restriction of scalars functor has the same right and left adjoint. Following 
this observation a functor is called a Frobenius functor in case it has the same right 
and left adjoint (cf. ||, 0). This notion has been recently extended in [Q, to cover 
the case of Frobenius extensions of second kind. It has been shown in that a 
forgetful functor from the category of right (left) comodules of an A-coring to the 
category of right (left) A-modules has a right adjoint. In this paper we focus on 
corings for which this forgetful functor is Frobenius. We show that given any such 
coring, one has in fact a family of such corings, and a family of Frobenius extensions. 
By this means we determine which corings lead to Frobenius extensions and thus 
provide a new way of describing such extensions. 

1.1. Notation and conventions. All rings in this paper are associative and unital, 
and the unit of a ring A is denoted by 1^, while denotes the category of right 
A-modules etc. £ is an A-coring, its coproduct is denoted by A £ and its counit by 
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eg. This means that £ is an (A, 74)-bimodule and e<r : € — > A and A<r : (t — > £ ®a £ 
are (A, v4)-bimodule maps such that (I<r <S>a Ag) o A<r = (A<r ®a ^c) ° A<r, and 
(/c^A^e:) ° Ac = (e £ ®^I £ )oA £ = i^. The category of right £-comodules is denoted 
by M £ , and a CC-coaction of a right £-comodule M is denoted by p M . Recall that 
this means that M is a right ^-module and p M : M — > M ®a £ is a right ^-module 
map such that (/m®aAc)°/' = (p M ®Al(t)° p M , and {Im®a^€)° P M = hi- We use 
the Sweedler notation for a coproduct, i.e, Ae(c) = cm (8>aC(2), (/ £ ®aA £ ) oA £ (c) = 
cm ®a C(2) ®a C(3), etc. (summation understood) for all cG C. Further details on 
corings can be found in @. 

2. Frobenius corings 

The forgetful functor F : M c — > M A has the right adjoint - ^C: M A -> M £ (cf. 

0, Lemma 3.1]). We study corings for which — £g>A £ is also the left adjoint of F, 

1. e., those for which F is a Frobenius functor. 

Definition 2.1. An ^-coring £ is called a Frobenius coring provided the forgetful 
functor F : M £ — > Ma is a Frobenius functor. 

A number of different characterisations of Frobenius corings is given in || The- 
orem 4.1]. An important additional characterisation of such corings has been more 
recently obtained in |4], Corollary 5.6] 

Theorem 2.2. € is a Frobenius coring if and only if there exist an invariant e G 
£ A = {c G £ | Va G A, ac = ca} and an (A, A)-bimodule map 7 : <£ ®a £ — ► A such 
that for all c, c' G C, 

(2.1) C(i)7(c( 2 ) ®4c')=7(c® A c'(i))c'(2), 7(c®a e) = j(e® A c) = e £ (c). 

TTie pair (7, e) zs called a reduced Frobenius system for £. 

As an immediate consequence of Theorem |2.2| one obtains 

Corollary 2.3. Any Frobenius A-coring £ is a finitely generated projective left and 
right A-module. 

Proof. Suppose € is a Frobenius A-coring with a reduced Frobenius system 
(7, e). Write A c (e) = YH=i e i ®a Taking d = e in equations ( |2.1| ) we obtain 
c = J2i=i l( c ®a ejej. Similarly, taking c = e we obtain d = Y^7=i e i^(^ ®a d). 
Since 7 is an (A, A)-bimodule map, for each i G {1,2,... , n}, the map £ l : € — > A, 
c 1— > 7(0 ®a Cj) is left ^-linear while the map £ l : (£ — > A, c 1— > 7(6$ ®_r c) is right 
A-linear. Hence e^} is a dual basis of a<£, and e^} is a dual basis of <£a- □ 

The characterisation of Frobenius corings in Theorem |2.2| makes it easier to relate 
such corings to Frobenius extensions. Recall that the statement that A — > B is 
a Frobenius extension is equivalent to the existence of an (A, A)-bimodule map 
E : B -> A, and an invariant = J2 ie i b * ®a &* 6 (B®a5) b = {me | VfeG 

5, c>m = m&}, such that for all b G B, 



(2.2) 
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E is called a Frobenius homomorphism and (3 is known as a Frobenius element. 
Frobenius element (3 can be viewed as a (B, 5)-bimodule map (3 : B — > B £g> A B, 
b i— > /36 = 6/?, so that equation (2.2) can be expressed as a commutative diagram 




Now reversing the arrows in this diagram, replacing B by €. and (5, £?)-bimodule 
maps by (<£, £)-bicomodule maps, one obtains the following commutative diagram 



(2-3) 




where 7r : £ (g)^ € — > (£ is a ((£, (£)-bicomodule map (with all coactions given by the 
coproduct A c , e.g., p mA€ = I € ® A A c ) and 6 : ^4 — > <T is an (A, A)-bimodule map. 

Lemma 2.4. Pairs (it, 0) rendering commutative diagram $H.3Q are in one-to-one 
correspondence with reduced Frobenius systems (7, e) for £. 

Proof. Clearly an (A, y4)-bimodule map G : A — > £ can be identified with e G C A 
via G 1— ► e = 0(1^) an d e 1— > [a h ae = ea]. Under this correspondence the 
commutative diagrams (|2.3p explicitly read 



;2.4) 



7r(c (8a e) = n(e ®a c) = c, 



Vc e £. 



The fact that n : £ <g> A £ 
all c, c' E C, 



£ is a (€, £)-bicomodule map explicitly means that for 



C(l) <SU 7r(c(2) ®A C') = A c (7r(c ® A C')) = 7r(c <g> A c' (1) ) <g> A C'( 2 ) 

All such bicomodule maps are in one-to-one correspondence with maps 7 : <L® A £. — > 
A satisfying the first of equations fl2.1|) via % 1— » 7 = e<r o % and 7 1— > [7r : c ®a c' h- > 
c (i)7( c (2) ®ac')]. Under this correspondence equations (|2.4|) for 7r translate into the 
second and third equations in fl2.1|) . □ 



In conjunction with diagram 



Lemma 12.41 makes it clear that Frobenius 



corings can be viewed as dualisations of Frobenius extensions. The pair (it, e) is 
termed a Frobenius system for (£. 

Proposition 2.5. Lei A — * B be a Frobenius extension with a Frobenius element (3 
and a Frobenius homomorphism E. Then B is a Frobenius A-coring with coproduct 
(3 (viewed as a (B, B)-bimodule map B — > B®aB), counit E and a Frobenius system 
(n,l B ) where tt : B ® A B -> B , b ® A b' i-> bb' . 

Proof. The fact that B is an A-coring with the specified coproduct and counit is 
proven in fl2| , Proposition 4.3], Remark 2.5], while the fact that B is a Frobenius 
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coring can be verified by direct calculations. We only note that if (3 = J2iei b% ®a b\ 
then the fact that n is a bicomodule morphism means that for all b, b' G B, 

bbi ® A Tc(b* ® A V) = Y A h ®a b% ® A l { = Y n ( b ®a h) ® A W. 
iei iei iei 

This follows immediately from the definition of 7r (as a product) and from the fact 
that the Frobenius element (3 is 5-central. □ 

Example 2.6. Let End^ denote the category of right A-endomorphisms. Objects 
in End^ are pairs (M, /m), where M is a right A-module and fu is a right A-module 
endomorphism of M. A right ^-module map <p : M — > N is a morphism in End^, if 
<P ° /m = J'n ° 4>- The forgetful functor End^ — > is a Frobenius functor. Its left 
and right adjoint G : — > End^ is given by G : M i— > (M, I M ), <p ^ <p (all the 
units and counits of the adjunctions are simply identity maps). A can be viewed 
as a trivial ^-coring with coproduct and counit both identified with the identity 
map Ia- Then the category of comodules of A, Nl A is isomorphic to End^, and, 
consequently, A is a Frobenius (trivial) ^-coring. 

Recall from [T7| that given a ring extension B — > A one can view £ = A ®_b A as 



an A-coring with the coproduct A<r : A®bA — > A®bA®bA, a^sd | — ► o^bIa^so' 
and the counit e<r : a <g) A a' i— > aa'. £ is known as Sweedler's coring associated to a 
ring extension 5 — > A. 

Theorem 2.7. Lei £ = A ®s ^4 6e the Sweedler coring associated to an extension 
B ^ A. If B — > A is a Frobenius extension then €. is a Frobenius coring. Conversely, 
if A is a faithfully flat left or right B-module and <£is a Frobenius coring, then B — > A 
is a Frobenius extension. 

Proof. Suppose that B — > A is a Frobenius extension with a Frobenius element 
a = Yliiei a «®-B^ £ A® B A and a Frobenius homomorphism E : A —> B. Obviously 
a G £ A . Let e = a and vr = Ia <g> B £7 ®s /a : A ® B A ® B A = € ® A € -> £• We 
claim that (7r, e) is a Frobenius system for (£. Indeed, using the defining properties 
of a Frobenius element and a Frobenius homomorphism we have for all a, a' G A, 

ir(e ®a a®B o!) = 7r(aj 0b a* a ®b o!) = aiE{a l a) ®s a' = a ®b a'. 

Similarly one shows that 7r(a ®b a! ®a e) = a <S>b a'. The map tt is clearly (A,A)- 
bilinear. Its ((£, CC)-bicolinearity can easily be checked by using the fact that the 
image of E is in B. 

Conversely, suppose that bA or Ab is faithfully flat, and that £ is a Frobenius 
coring with the reduced Frobenius system 7 : A® B A®b A — > A and e = 52 i6J Oj ®b 
a 1 G <£ A . Using the obvious identification ^Honu^ ®b A ® B A, A) = B End_B(v4), 
view 7 as a (B, £?)-bimodule map E : A — > A. Take any a G A, then a = e<r(lA ®b 
a) = 7(1a ®_b a ®a e), i.e., a = J2iei E(aai)a l . Similarly one deduces that a = 
J2iei aiE(a % a). Next, the first of equations fl2.1| ) implies for all a G A, 

1a ®b E(a) = 1 A <S) B 7(1 A <g> B a ® B 1 A ) = 7(1 A ®s a ®b 1a) ®b 1a = ^(«) ®b Ia- 

Since A is a faithfully flat left or right i?-module, we conclude that E(a) G B and 
thus E is a Frobenius homomorphism, and e is a Frobenius element. □ 
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The notion of a Frobenius coring in Definition E7T 



should be compared with the 
notions of right and left co- Frobenius coalgebras introduced in [14]. First recall that 
left and right duals of £ are rings. Explicitly, the product in the left dual *£ = 
A Hom(£, A) is given by (££')( c ) = f (c(i)f'(c (2 ))) for all G *<C and all c G C, and 
the product in the right dual <£* = Hom^C, A) is given by (££')( c ) = £'(£( c (i)) c (2)), 
for all £, £' G (£*. The units in both cases are given by the counit e^. £ is a left 
*£-module with the multiplication £c = cm£(c(2)), and it is a right £*-module with 
multiplication c£ = C( c (i)) c (2)- With these structures at hand, the notions of right 
or left co-Frobenius coalgebras can be extended to the case of corings as follows. 

Definition 2.8. An ^-coring £ is said to be a left co-Frobenius coring in case there 
is an injective morphism € — > *€. of left *£-modules. €. is a right co-Frobenius coring 
in case there is an injective morphism (£—►(£* of right £*-modules. 

By a slight refinement of |2|, Theorem 4.1] one finds that a Frobenius ^-coring € 
is isomorphic to *€. as a left *(£- module and is isomorphic to €* as a right £*-module. 
Explicitly, if (7, e) is a reduced Frobenius system for £, then the left *€ isomorphism 
is 



(2.5) 

with the inverse £ 



with the inverse £ 
right co-Frobenius. 



frz :£-»*£, ^:ch[c'h7(c'^c)], 
e (i)£( e (2))- The right £*-module isomorphism is 

V : € -> <t\ ^:c^[c'h 7 (c <g> A c )], 
£(e(i))e(2). Thus, in particular, a Frobenius coring is left and 



3. Ring structure and towers of Frobenius corings 

One of the consequences of the characterisation of F and — <S>a £ as Frobenius 
functors in |2|, Theorem 4.1] is that in fact £ is a Frobenius extension of A. 

Theorem 3.1. Let C be a Frobenius A-coring with a Frobenius system (n, e). Then 

(1) £ is a ring with product cc' = n(c ®a d) and unit 1 £ = e. 

(2) Q : A —>■ €, a ^ ae = ea is a ring map, and the ring extension O : A — ► € 
is Frobenius with a Frobenius element (3 = A<r(e) and Frobenius homomorphism 
E = e<r. 

Proof. Let S = (*€) op be the opposite ring of the left dual ring. The key 
observation here is provided by 0, Theorem 4.1 (2) and (3)], which state that if 
€, is a Frobenius coring then the ring extension 1 : A — > 5, a 1— > [c 1— > e^(ca)] is 
Frobenius, and that £ = 5 as (A, £)-bimodules. The isomorphism invoked here is 
precisely the isomorphism </>/ in Equation ( |2.5| ). By transferring the ring structure 
on S to £ via this isomorphism we obtain the ring structure on S as stated in (1). 
This can also be proven directly. To this end, note that the alternative expressions 
for product are cc' = j(c ®a c / m)c / ( 2 ) = cn)7(c(2) d), where 7 = o tt. Thus for 
all c, c', c" G £ we have, using the left A-linearity of 7 and A^, 

(cc')c" = (7(c ® A c'(i))c' (2 ))c" = 7(c ®A C / (i)) 7 (c / (2) ®A c"(i))c"( 2 ). 



6 



TOMASZ BRZEZINSKI 



On the other hand, the first of equations ( |2.1| ), the right A-linearity of 7 and the 
left v4-linearity of A^ imply 

c( c 'c") = c(7(c' ® A c"(i))c" (2) ) = 7 (c (g) A 7(c' ®a c" {1) )c" (2) )c" (3) 

= l{c®A C (1)7(C (2) ®A C"(i)))c"(2) = 7(cOA C / (i))7(c'(2) ®A c"(i))c" {2 ). 

This explicitly proves that the product in €, is associative. The fact that e is a unit 



for this product follows immediately from equations ( |2.4j ). Note that the same ring 
structure is obtained from (£*) op via isomorphism r . 

The ring map 1 : A — > S induces the ring map : A — > €, which has the form 
stated. Since 1 : A — > S is a Frobenius extension, so is © : A — > C Again, this can 
be verified directly. Clearly G is unital. It is multiplicative since for all a, a' G A we 
have 

0(a)0(a') = (ae)(a'e) = 7r(ae <S>a o!e) = an(e ®a a'e) = aa'e. 
By definition, the counit e<r is an (A, v4)-bimodule map. Note further that for all 
c G £, 

cA £ (e) = ce ( i) <g> A e (2 ) = C(i)7(c (2 ) <8>a e(i)) <8u e( 2 ) 

= C(i) <gu c {2 )7(c {3) <g> A e) = C(i) O a C( 2 )e £ (c( 3) ) = c ( i) <gu c (2) = A c (c), 

where we used equations ( |2.1| ) to derive the third and fourth equalities. Similarly 
one shows that A<r(c) = A<r(e)c. Therefore A<r(e) G (£<S>a and 

c = ec(c(i))c( 2 ) = e £ (ce ( i))e( 2 ), c = c (1) e £ (c (2 )) = e ( i)e £ (e (2 )c), 

thus proving that O : A — > £ is a Frobenius extension with a Frobenius element 
A(r(e) and Frobenius homomorphism e<j\ □ 

Note that since A —>■ € is a Frobenius extension, £ has an ^-coring structure pro- 
vided by the Frobenius element and homomorphism, as explained in Proposition [2~5. 



The calculation in the proof of Theorem |3.1| reveals that c(3 = cA £ (e) = A<r(c), i.e., 
this new coring structure on €. coincides with the original one. Note also that the 
original (A, 74)-bimodule structure of £ can be viewed as being induced from 0. 
Indeed, for all c G €. and a G A we have 

6(a)c = (ae)c = %(ae <S>a c ) — a7r(e ®a c) = ac, 

and similarly for the right ^-multiplication. In particular this means that € is an 
(A, €) and (£, A)-bimodule. 



Furthermore, note that Proposition 2.5 also states that <L is a Frobenius coring. 



Clearly, the corresponding induced Frobenius system is precisely the same as the 
original one (n, e). All this means that a Frobenius coring and a Frobenius extension 
are two different, albeit dual to each other, descriptions of the same situation. 

Now we can construct a full tower of Frobenius corings. Suppose that €. is a 
Frobenius ^-coring with a Frobenius system (n, e). Then by Theorem |3.1|, e viewed 



as a map O : A — ► £ is a Frobenius extension with the Frobenius element A<r(e) 



and the Frobenius homomorphism e^. Now Theorem |2.7| implies that the Sweedler 
^-coring £ ®a £ is Frobenius with the Frobenius system (I<r ®a ®a ie, A(e)). 
Then £ ®a £ is a ring with unit A<r(e) and the product (c ®a c')(c" ®a c'") = c ®a 
7(0' ®a c")c'", and the extension A<r : £ — > £®a £ is Frobenius by Theorem |3.1| . The 
Frobenius element explicitly reads e^®A e ®A e (2) an d the Frobenius homomorphism 
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is 7r. Apply Theorem |2?^ to deduce that Sweedler's <£(8U <£-coring ((£ <g>^ £) ®c (£®a 
(£) = £ <8u £ ®a ^ is Frobenius. Iterating this procedure we obtain the main result 
of this paper 

Theorem 3.2. Let <£ be a Frobenius A-coring, and let <£ k = (£® Ak ; k — 1,2, ... , and 
€° = A. Then there is a sequence of ring maps 

in which for all k = 1,2,..., — > (£ fc is a Frobenius extension and <£ k is a 
Frobenius coring. 

This tower of corings bears very close resemblance to the tower of rings introduced 
by Jones as the means for the classification of subfactors of von Neumann algebras 
PH| |. As observed by Kadison in [JTTJ , the proper framework for such towers of 
rings is provided by strongly separable extension. These are Frobenius extensions 
with some additional properties, and they lead not only to towers of rings but 
also to a family of idempotents which form a Temperley-Lieb algebra (the Jones 
idempotents). The notion of a strongly separable extension can be easily translated 
to corings, thus inducing the notion of a strongly coseparable coring. Suppose that 
R is a commutative ring and let A be an i?-algebra. An A-coring € is called a 
strongly coseparable coring if it is a Frobenius coring with a Frobenius system (jr, e) 
such that 7r(A<r(e)) = ue and e<r(e) = vIa for some units u,v G R. The ordered pair 
(u : v) is called an index of <£. Note that a Frobenius coring is strongly coseparable 
if e is a grouplike element (i.e., A £ (e) = e ®a e, ec(e) = 1^), in which case its index 
is (1r : Following the same line of reasoning as before one proves that if € is a 
strongly coseparable coring then the ring extension A — > € is a strongly separable 
extension. Furthermore, in the tower in Theorem |3.2| , for all k = 1,2,..., € k ~ 1 — > €. h 
is a strongly separable extension and £ fc is a strongly coseparable £ fc_1 -coring. The 
index of £ 2fc_1 is (u : v) while the index of € 2k is (v : u). 
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